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[1] Molinari, Raffaele., et al. "Can brine from seawater desalination plants Be a source of critical metals?." CHEMVIEWS (2022).

[2] Stuber, Matthew D., et al. "Pilot demonstration of concentrated solar-powered desalination of subsurface agricultural drainage water and other brackish groundwater sources." Desalination 355 (2015): 186-196.

➢ Thermal brine separation is of critical importance 

to many industries with brine effluent streams 

and/or brine concentration needs (e.g., 

agriculture, power production, mining)

o Increase sustainability

o Reduce costs​

o Improve system robustness

➢ We need accurate mechanistic thermodynamics 

models that can enable​:

o Dynamic simulation​

o Optimization-based design of water 

treatment technologies
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Thermal 

Concentration

Accurate models enable efficient brine treatment.



Mechanistic vs Empirical Model
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• Empirical models are fast, reliable, and easy to apply within known systems.  

• However, they are system-specific and lack thermodynamic consistency across mixtures.  

Empirical 

Model

Mechanistic

Model

• Fast & simple in mathematics

• System specific

• Data-Driven

• Physically rigorous

• Thermodynamically consistent

r-eNRTL as an example



Goal
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Goal: Modeling Thermal Brine Separation System

• Capability: Predicting nonideal behaviors across

➢ multi-ions

➢ high concentration

➢ variable temperature.

➢ Transferrable between different platforms

• Method: Achieve deterministic global optimal parameter estimation 

for the r-eNRTL model.
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Thermodynamic Model

5

r-eNRTL accurately captures non-ideal electrolyte 

behavior across concentration and temperature.

Consistent for deriving enthalpy, entropy, and heat 

capacity (i.e., a first principal model)

However, this accuracy comes with a price:

Challenge: Algebraically complex → hard to 

differentiate/optimize
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AD

Hundreds of nested terms after differentiation
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[8] Gottlieb, Robert X., et al. "Automatic Source Code Generation of Complicated Models For Deterministic Global Optimization With Parallel Architectures."

Complexity of Refined eNRTL

r-eNRTL is accurate but algebraically intense.



How AD Works

[9] Griewank, A., & Walther, A.. Evaluating derivatives: principles and techniques of algorithmic differentiation. 

Society for industrial and applied mathematics. (2008)
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➢ Operator Overloading, AD
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[9]

Each node stores both its value and derivative — gradients are computed automatically.

No manual differentiation required — AD handles everything.
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Automatic Differentiation Workflow

[10] Gowda, S., et al. "High-performance symbolic-numerics via multiple dispatch." ACM Communications in Computer Algebra 55, no. 3 (2022): 92-96.
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Challenge in Deterministic Global 

Parameter Estimation

• Slow Evaluation

– r-eNRTL formulas are huge 

and deeply nested.

– Hard to optimize directly.

Solution: Simplify expressions 

with auxiliary variables.

• Slow Convergence

– Relaxations too loose for 

nonlinear exponentials.

– Solver converges slowly.

Solution: Add tighter relaxations 

or constraints/cuts.
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Both challenges limit deterministic global optimization efficiency



Research Focus: Simplifying r-eNRTL 

for Global Optimization

• Complex Expression

– r-eNRTL formulas are very 

large and deeply nested.

– Hard to optimize directly.

Solution: Simplify expressions 

with auxiliary variables.
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Research 

Focus



Automatic Differentiation: Power and 

Pitfalls
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• Power:

• Enables automatic derivative generation for thermodynamic models

• Provides accurate and portable expressions

• Pitfall – Expression Swell [11]:

• Repeated differentiation makes expressions grow excessively large

• Hard to simplify, slow to compute, and difficult to compile

 AD helps—but it introduces a new problem：

[11] Laue, S. (2019). On the equivalence of automatic and symbolic differentiation. arXiv preprint arXiv:1904.02990.

To address the expression swell problem and speed up global optimization, 

we developed an automated workflow.



Stage 1: Expression Swell During AD
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Expression
AD

AD expands all intermediate terms

Swelled 

Expression

Large, redundant expression – 

slow and hard to optimize



Expression Swelling
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Raw Symbolic Expression of Activity Coefficient of Single Electrolyte



Stage 2 – Simplified Expression 

Automatically
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Expression
Swelled 

Expression

AD Simplified 

Expression

Simplified

Source code 

transformation

Large and redundant 

symbolic form

Compact, optimized, 

and easy to evaluate



Simplified Expression Automatically
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The Symbolic Expression of Activity Coefficient of NaCl after Auxiliary Variables Substitution

Automatically generated and simplified — ready to be linked with JuMP



Objective Function Evaluation Time 

Comparison
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• Each data set = one electrolyte (NaCl, 

KCl, MgCl₂, CaCl₂, LiCl, etc.).

• Larger systems → longer evaluation 

time.

• Our simplified expression keeps time 

almost constant.



End-to-End Workflow: Symbolic → 

Simplified → JuMP

2025 AIChE, November 5 17

Expression
Swelled 

Expression

AD Simplified 

Expression

Simplified
JuMP (explicit 

auxiliaries)
Decomposed & 

Registered in 

JuMP

Source code 

transformation

All subexpressions registered as JuMP vars → easy bounds & domain-safety



Automatically Generated JuMP Model

18
2025 AIChE, November 5

Automatically generates JuMP code with all symbolic subexpressions and variables.



Parameter Estimation Problem
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Objective: Fit model parameters to experimental activity data.



Transfer Activity Coefficient Function in 

JuMP
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After Simplification:
Around 100 seconds

Before Simplification:
Around 600 seconds

The first time r-eNRTL model solved in global optimality*
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Next Step – Toward Multi-Electrolyte 

Parameter Estimation

Building on the NaCl case, the framework can generalize to multi-electrolyte systems.



Formulation of the Multi-Electrolyte 

Problem
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Why Dimensionality Matters – Shared 

Ion Parameters
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Decision variables number: 10



Scaling Up – Growth of Coupled 

Systems
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Decision variables number: 13



Dimensionality Explosion in Multi-

Electrolyte Optimization
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Decision variables number: 27
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• 5-electrolyte fitting (NaCl, KCl, MgCl₂, CaCl₂, LiCl):

• 16 variables, 21 inequality constraints

• Converged in 25 min

• Solver reached an early feasible solution within tolerance 

(abs tol = 0.1)

[12] Robinson, R. A., & Stokes, R. H. (2002). Electrolyte solutions. Courier Corporation.



Numerical Insights – Relaxation Effects
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• Feasible and stable solutions 

across all mixtures

• Upper bounds remain small → 

consistent objective scaling

• Lower-bound stagnation 

observed with increasing 

coupling

• Indicates conservative 

relaxations, not solver failure

• Next: tighter relaxations and 𝜏(𝑇) 

reparameterization

Solver reached small UB; LB stagnation due to relaxation looseness



Make Temperature-Dependent r-eNRTL Model

• Why:

– Thermodynamic consistency requires 

𝜏 to change with temperature.

– Constant 𝜏 ⇒ zero higher-order 

temperature derivatives.

– This yields unrealistic constant Cp, 

enthalpy.

• How:

– Define 𝜏 𝑇 = 𝑓 𝑇  and ℎ 𝑇 = 𝑔(𝑇).

– Enables correct differentiation of 

Gibbs energy and accurate property 

prediction.

2025 AIChE, November 5 28



Calibrating 𝜏 and ℎ Across Temperatures
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• Objective:

Estimate local 𝜏 and ℎ at each experimental temperature 𝑇𝑗 .

• Method:

Independent parameter estimation problem solved for each 

temperature (shown below).

• Output:

Temperature-specific parameter sets 𝜏𝑗
∗, ℎ𝑗

∗
.
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These temperature-specific parameters (dots) will be used next to build τ(T) and h(T) correlations.



Temperature-dependent r-eNRTL 

Reconstruction
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• Goal:

Show 𝛾(𝑇) behavior after substituting fitted 

𝜏(𝑇), ℎ(𝑇) into full r-eNRTL.

• Implementation:

1 1

ref

exp( ( )
1 1

)
c a
h h B A

T
C

T


[13] Lin, Y. J., Hsieh, C. J., & Chen, C. C. (2022). Association‐based activity coefficient model for electrolyte solutions. AIChE Journal, 68(2), e17422.

[14] Hossain, N., Bhattacharia, S. K., & Chen, C. C. (2016). Temperature dependence of interaction parameters in electrolyte NRTL model. AIChE 

Journal, 62(4), 1244-1253.

[15] * Silvester, L. F., & Pitzer, K. S. (1976). Thermodynamics of Geothermal Brines I. Thermodynamic Properties of Vapor-Saturated NaCl (aq) 

Solutions from 0-300℃.

The first time r-eNRTL model gets temperature dependency



Thermodynamic Property Expressions 

Generation

34
[16] Yan, Y., & Chen, C. C. (2011). Thermodynamic representation of the NaCl+ Na2SO4+ H2O system with electrolyte NRTL model. Fluid phase equilibria, 306(2), 149-161.

• Once 𝜏(𝑇) and ℎ(𝑇) are defined, all 

thermodynamic properties can be 

analytically derived from the r-eNRTL 

expression.

• Derived properties:

• Activity coefficient 𝛾ᵢ
• Enthalpy 𝐻
• Heat capacity 𝐶ₚ
• Vapor pressure 𝑃ᵥ

• Key idea:

Everything comes from differentiating 

𝜸(𝑻) — no empirical fitting needed.

[16]
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Heat Capacity Validation
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[17] (*,**) Likke, S., & Bromley, L. A. (1973). Heat capacities of aqueous sodium chloride, potassium chloride, magnesium chloride, magnesium sulfate, and sodium sulfate solutions between 80. deg. and 200. deg. Journal of Chemical and 

Engineering Data, 18(2), 189-195.

[18] (***) Archer, D. G., & Carter, R. W. (2000). Thermodynamic properties of the NaCl+ H2O system. 4. Heat capacities of H2O and NaCl (aq) in cold-stable and supercooled states. The Journal of Physical Chemistry B, 104(35), 8563-8584.

• Analytical result:

𝐶ₚ(𝑇) derived directly from the 

temperature-dependent r-eNRTL model.

• Validation:

Confirms the correct 𝛾 → 𝐺ⁿ 
→  𝐶ₚ differentiation path.

• Trend:

Reproduces the expected 𝐶ₚ–molality 

behavior,

showing thermodynamic consistency.

• Next:

Quantitative refinement is ongoing.



Conclusions
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• Conclusions

– Developed an automated symbolic framework for r-eNRTL.

– Simplified complex symbolic expressions and accelerated optimization.

– Demonstrated global parameter estimation across multiple electrolytes.

– The temperature-dependent formulation, 𝜏(𝑇), ensures consistent 

thermodynamic properties.

– Validated a complete workflow from symbolic modeling to optimization and 

property prediction.
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