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SIMT Architecture
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GPU Architecture

GPU Architecture?

» GPUs are composed of —
thousa ndS Of l‘COfES" : Distch Unit (32 lhraadfclk ..
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Aligning B&B with GPUs

B&B Algorithm® GPU Architecture®
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6. Wilhelm, M.E. and Stuber, M.D. EAGO.jl: easy advanced global optimization in Julia. Optimization Methods and Software, 37(2):425-450 (2022). 5



Aligning B&B with GPUs

Global Solver Uses GPU GPU Architecture’
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EAGQO® Active Dev (2022)
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Serial CPU B&B
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Serial CPU B&B

Primary Computational
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Serial CPU B&B
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Integrated CPU-GPU B&B
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Parallelization Targets
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Parallelization Targets
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SourceCodeMcCormick.jl

= o PSORLab / SourceCodeMcCormick.jl [] to search 8 - +~ O N B8 3
[ ] [ ]
So u rce‘ od e M c‘ O rm I ck j I (S‘ M‘ )11, 12 <> Code (O lIssues 1 11 pull requests @ Actions [ Projects [0 wiki @ Security |~ Insights &3 Settings
[ ]
] SourceCodeMcCormick.jl  Public 5P EditPins ~ @ Unwatch 2~ Y Fork 3 - ¥ Star 9 -

» Open-source tool for GPU-accelerated ... .. T, .

o

Experimental Approach to McCormick

.github/workflows s (#11 last month M Readme
&3 MIT license
examples Bug fixes (#10) 9 months ago
A~ Activity
src Add quadratic relaxation source (#15) last month = Custom properties
9 star:
test last month = ar
@ 2 watching
> ( :a IC u Iates ° [ .gitignore 9 months ago Y 3 forks
* [} UCENSEmd
O Projecttoml Update Project.toml (#13 last month
. L .
Inclusion monotonic interval 0 oorer
(1 README &85 MIT license # =

extensions

SourceCodeMcCormick.jl

> McCormick relaxations

Developed by pSoR Lab Il () C1 fnostatus | codecov | 2%

Contributors 4

. . 3 RXGottlieb

> S u b ra d I e n t S Of Ivl C C O r m I C k This package uses source-code generation to create CUDA kernels that return evaluations of McCormick-based - 7 )
relaxations. Expressions composed of Symbelics.jl -type variables can be passed into the main <> mewilhel Matthew Wilhelm
SourceCodeMcCormick.j1 ( SCMC ) function, keen, after which the expressions are factored. algebraic rearrangements

] and other modifications are applied as necessary. and a new, custom function is written that calculates inclusion
re I a Xat I O n S monotonic interval extensions, convex and concave relaxations, and subgradients of the convex and concave "3 MatthewStuber Matthew Stuber
relaxations of the original expression. These new custom functions are meant to be used in, e.g., a branch-and-bound

routine where the optimizer would like to calculate relaxations for many nodes simultaneously using GPU resources.

They are designed to be used with CUDA.CuArray{Float64} objects, with 64-bit (double-precision) numbers Languages
recommended to maintain accuracy.

3 DimitriAlston Dimitri Alston

11. Gottlieb, R.X., Xu, P., and Stuber, M.D. Automatic Source Code Generation for Basic Functionality
DeterminiStic GIObaI optimization With Para"el ArChiteCtureS' optlmlzatlon MethOds and The primary user-facing function is kgen ("kernel generator”). The kgen function returns a source-code-generated
SOftWare, 1—39 (2024) function that provides evaluations of convex and concave relaxations. inclusion monotonic interval extensions, convex
1 2 Gottlleb R X and Stubel’ M D Automatic Genel’ation Of GPU Kel'nels fOI" Evaluators Of relaxation subgradients, and concave relaxation subgradients, for an input symbolic expression. Inputs to the newly

McCormick-Based Relaxations and Subgradients. Under Review, (2025).
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SourceCodeMcCormick.jl

» Generates customized CUDA kernels
to calculate many relaxations at once function £ SWZNZKUEHL_1(OUT, X, )

idx = threadIdx().x + (blockIdx().x - Int32(1)) * blockDim().x
stride = blockDim().x * gridDim().x
col = Int32(1)

using SourceCodeMcCormick T = SRR

= templ_lo = 0.0
@variables x, y A A
r . . mr templ cv = 0.0
func = kgen(1 (1 + exp(x)*ex ) -
g { "’ : p p _"'.l" ! } templ_cc = 9.0
templ_cvgrad = @MVector zeros(Floaté64,
templ_ccgrad = @MVector zeros(F oaté4,
temp2_lo = @.@
temp2_hi = @.@
temp2_cv = @ o
U1 =T U1 =% temp2_cc = 0.0
vy =Y vy =Y temp2_cvgrad = @MVector zernt,rloatéd,

temp2_ccgrad = @MVert . zeros(Floaté4,
while idx <= Int32(size(OUT,1))

V3 =1 aF V2

Vg = GXP(U3)

vy =exp(vy)

Vg = exp(vg)

Vs =U3V4 v =14+ vy
Ve =1 + Vs Vg :U5_1
(e :vgl col = Int32(1)

11. Gottlieb, R.X., Xu, P., and Stuber, M.D. Automatic Source Code Generation for Deterministic Global Optimization with Parallel Architectures. Optimization Methods and

8)
Software, 1-39 (2024).
12. Gottlieb, R.X. and Stuber, M.D. Automatic Generation of GPU Kernels for Evaluators of McCormick-Based Relaxations and Subgradients. Under Review, (2025). 14 ()
@
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SourceCodeMcCormick.jl
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11. Gottlieb, R.X. and Stuber, M.D. Automatic Generation of GPU Kernels for Evaluators of McCormick-Based Relaxations and Subgradients. Under Review, (2025).
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Expression

SCMC

Avg. Evaluation

McCormick. jl

Avg. Evaluation

Evaluation Time

Form Time (ns) Time (ns) Speed-Up

S0 @ 1.9 x 10" 1.90 x 102 99.9x
exp(3212, ;) 3.0 x 10° 2.72 x 102 90.6x
(10 z)? 3.1 x 10° 2.36 x 102 76.2x
12, z; 1.15 x 10? 5.79 x 102 50.3x
exp([122, =;) 1.19 x 10! 6.38 x 102 53.6x
(T122, (z:)?) 1.02 x 101 9.40 x 102 92.1x
z1/([122, =;) 6.2 x 10° 5.11 x 102 82.4x
alkyl objective 7.x 1071 1.61 x 102 229.9x
ex6_2_10 objective 9.04 x 10* 1.37 x 10* 151.1x

arki0002 objective 2.58 x 10 1.62 x 107 6269.5x

Trained ANN

1.90 x 10!

5.51 x 103

290.0x

Training ANN

9.59 x 101

1.28 x 104

133.4x
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Parallelization Targets
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Kelley’s Algorithm

|

» Approach utilized in EAGO
'

1 -0.9830




Kelley’s Algorithm

» Approach utilized in EAGO

1 -0.9830
2 -0.7100




Kelley’s Algorithm

» Approach utilized in EAGO

1 -0.9830
2 .0.7100 :
3 10.5815




Kelley’s Algorithm

» Approach utilized in EAGO

n

1 -0.9830

2 .0.7100 *
3 10.5815

4 -0.4962




Kelley’s Algorithm

» Approach utilized in EAGO

n

1 -0.9830

2 -0.7100 d
3 -0.5815

4 -0.4962

5 -0.4001 /




Kelley’s Algorithm

» Approach utilized in EAGO

n

1 -0.9830

2 -0.7100 ’
3 -0.5815

4 -0.4962

5 -0.4001 /
6 |

-0.3891 N




Kelley’s Algorithm

» Approach utilized in EAGO

Lower Bound
-0.9830
-0.7100
-0.5815
-0.4962
-0.4001
-0.3891
-0.3854
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Kelley’s Algorithm

» Approach utilized in EAGO

Lower Bound

I
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Kelley’s Algorithm

» Approach utilized in EAGO

Lower Bound
-0.9830
-0.7100
-0.5815
-0.4962
-0.4001
-0.3891
-0.3854
-0.3817
-0.3781
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Kelley’s Algorithm

» Approach utilized in EAGO

Lower Bound
-0.9830
-0.7100
-0.5815
-0.4962
-0.4001
-0.3891
-0.3854
-0.3817
-0.3781
-0.3773
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Kelley’s Algorithm

‘
» Approach utilized in EAGO
T
1 -0.9830
2 -0.7100 — Inherently sequential
3 -0.5815
4 -0.4962 — Different B&B nodes may terminate in
c 0.4001 ~ different numbers of iterations
6 -0.3891 — Requires n LP solves per node
7 -0.3854
8 -0.3817 V
9 -0.3781
10 -0.3773




Linearization Point Selection Proced

Algorithm 2 MultiSobol Scan Procedure

1: function MultiSobolScan(¢, o, nsopol, X )
2: Initialize 1,u such that [1,u] = [XT, XV]

3: Scale o to [1+ d,u — §], where § is 2.5% * (u — 1)
4: Evaluate McCormick relaxations and their subgradients for £ at each -

point o on the domain X, yielding (£, £, &%, ¢Y, s, 5%) e
5: foriel,---,ndo
6: for je1, -+ ngebol do ®
7 if 95‘; < 0 and oj; > [; then
8: lj = Oji 1.04 L 1.0
9: if 95‘; > 0 and 0j; < u; then &
10: Ui = 04 . =
11: end for 05 N & 0.5 ﬂ 0.5 ‘
12: if [; > u; then .
13: ll Ui ‘= Uy;, lz °
14: end for

0.0 . . . 0.0 : . : 0.0 : ; ;

15: return l, u 0.0 0.5 1.0 15 20 0.0 0.5 1.0 15 20 0.0 0.5 1.0 15 20
16: end

Algorithm 1 MultiSobol Linearization Point Selection Process

Require: The objective function, £, from the original NLP
Require: The first ngopo points of a Sobol sequence o; € R™, Vj =1, , ngobol
Require: The node subdomain X € IR"
1: 1, u = MultiSobolScan(&, o, ngopol, X )
2: Scale o to [1 4 §,u — ¢], where § is 2.5% * (u —1)
3: Evaluate McCormick relaxations and their subgradients for £ at each
point o on the domain X, yielding {£°, £, ¢V €V, sV s}

4: Store relaxations and subgradients in a set 2; = {fjc-", fjc-c, ij ij sg", S;C
5: Set d as the dimensionality of £
6: fori=1,---,d+1do
7: if © is nonempty then
8: Select the §2; that minimizes Z?Zl(sg‘;)z X (u; —1;)
o: Add an LP constraint that the epigraph variable lies above the subtangent
hyperplane described by {;?V and 85V
10: Remove from Q all Q;, where the signs of values s{¥ match the signs of 90700
values s¢V
e Lower Bound: Lower Bound: Lower Bound:

-0.4506

-0.3758

-0.3758




Linearization Point Selection Procedure

+ Points evaluated in parallel

+ Every node requires same points,
l known a priori

+ Requires 1 LP solve per node

Lower Bound: Lower Bound: Lower Bound:
-0.4506 -0.3758 -0.3758




Linearization Point Selection Procedure
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Parallelization Targets
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PDLP

Primal Dual HVbrid Gradient for LP (PDLP)13 Practical Large-Scale Linear Programming using

Primal-Dual Hybrid Gradient
» Applegate et al. (2021) developed a
com pet itive first-order method ( FOM ) David Applegate Mateo Diaz Oliver Hinder

Google Research California Institute of Technology* Google Research
. dapplegate@google.com mateodd@caltech.edu University of Pittsburgh
for solving LPs
Haihao Lu Miles Lubin Brendan O’Donoghue
University of Chicago! Google Research DeepMind

haihao.lu@chicagobooth.edu mlubin@google.com  bodonoghue@deepmind.com

) max £ T Tz al

minmax L(z,y):=c' z—y Kx+q 'y

zeX yeh Warren Schudy
Google Research

wschudy@google.com

Abstract

We present PDLP, a practical first-order method for linear programming (LP)
that can solve to the high levels of accuracy that are expected in traditional LP

k41 L -1k anplications. In addition. it can sct v laree D - emts it
: — — . ’ applications. In addition, it can scale to very large problems because its core
& l)r!j‘] (:l" T I:C Il y \’] J operation is matrix-vector multiplications. PDLP is derived by applying the primal-
X dual hybrid gradient (PDHG) method, popularized by Chambolle and Pock (2011),
k+1 . k E+1 k to a saddle-point formulation of LP. PDLP enhances PDHG for LP by combining
Y = proj (y —|— g’(q — I{ [:21‘ — T } ] ] several new techniques with older tricks from the literature; the enhancements
- - aa include diagonal preconditioning, presolving, adaptive step sizes, and adaptive
¥ restarting. PDLP improves the state of the art for first-order methods applied to

LP. We compare PDLP with SCS, an ADMM-based solver, on a set of 383 LP
instances derived from MIPLIB 2017. With a target of 10~" relative accuracy
and 1 hour time limit, PDLP achieves a 6.3x reduction in the geometric mean of
solve times and a 4.6x reduction in the number of instances unsolved (from 227
to 49). Furthermore, we highlight standard benchmark instances and a large-scale
13. Applegate, D., et al. Practical Large-Scale Linear Programming using Primal-Dual Hybrid application (PageRank) where our open-source prototype of PDLP. written in Julia,

Gradient. 35!" Conference on Neural Information Processing Systems (NeurlPS 2021), (2021). outperforms a commercial LP solver.




BatchPDLP,Jl

» Custom novel implementation of PDLP, designed for small-scale LPs (unique!)
» Each LP solved by a portion of the GPU

PCI Express 1.0 Host Interface

Algorithm 1: Single-Kernel PDLP

1 foreach LP do
2 Input: An initial solution z,?‘u'
3 Initialize outer loop counter n; < 0, total iterations k; <— 0, step size
7}?’“ + 1/||Ki||s, primal weight w! < InitializePrimalWeight(c;i, q;);
4 repeat
5 t; < 0;
6 repeat
7 z?'“i"H. r;t,?“t"Jrl. 7}?"‘1‘4_1 + Adapt ivePDHGStep(z?"’t" Wi, -f],?“'[' ki)
. FeH ¢ s U g,
9 z("ltH < GetRestartCandidate(:?"L'H. Znotitl i)
10 fi‘(*fa‘Flf\;’(*Az‘%l
11 until restart or termination criteria holds;
12 Restart the outer loop. z?‘“‘” «— ::‘_f;"".r:,; —mn;+1;
13 w4 PrimalWeightUpdate(.:,f'"'U. :?"_I’U.w?'_l):
14 until termination criteria holds;
15 Output: 2.
16 end

14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch Parallelization of Linear Programs. Under Review.
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BatchPDLP,Jl

» Custom novel implementation of PDLP, designed for small-scale LPs (unique!)
» Each LP solved by a portion of the GPU

PCI Express 1.0 Host Interface

Algorithm 1: Single-Kernel PDLP

1 foreach LP do
2 Input: An 1nitial solution z,?‘u'
3 Initialize outer loop counter n; < 0, total iterations k; <— 0, step size
7}?’“ + 1/||Ki||s, primal weight w! < InitializePrimalWeight(c;i, q;);
4 repeat
5 t; < 0;
6 repeat
7 z?'“i"H. r;t,?“t"Jrl. 7}?"‘1‘4_1 + Adapt ivePDHGStep(z?"’t" Wi, -f],?“'[' ki)
. FeH ¢ s U g,
9 z("ltH < GetRestartCandidate(:?"L'H. Znotitl i)
10 fi‘(*fa‘Flf\;’(*Az‘%l
11 until restart or termination criteria holds;
12 Restart the outer loop. z?‘“‘” «— ::‘_f;"".r:,; —mn;+1;
13 w4 PrimalWeightUpdate(.:,f'"'U. :?"_I’U.w?'_l):
14 until termination criteria holds;
15 Output: 2.
16 end

14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch Parallelization of Linear Programs. Under Review.




BatchPDLP,Jl

» Custom novel implementation of PDLP, designed for small-scale LPs (unique!)
» Each LP solved by a portion of the GPU

PCI Express 1.0 Host Interface

Algorithm 1: Single-Kernel PDLP

1 foreach LP do

2 Input: An initial solution z:]’u:

3 Initialize outer loop counter n; < 0, total iterations k; <— 0, step size

7}?’“ + 1/||Ki||s, primal weight w! < InitializePrimalWeight(c;i, q;);

4 repeat

5 t; < 0;

6 repeat

7 z,?"’t"H, r;r,?“t"Jrl, ?}?"’L"H + Adapt ivePDHGStep(z;l"’t", w;, 7}?”1", ki);

8 gnaotitl o W Z;:ll n‘?,-,jz;hgj:

9 ::2"2-’1"+l < GetRestartCandidate(z?"’t'H. Znotitl i)

10 ti—t;+ 1,k «— ki +1;
11 until restart or termination criteria holds; AT T T
12 Restart the outer loop. z?‘“’” «— z(”ttn,v —mn;+1; = R R R % =
13 w4 PrimalWeightUpdate(z?"'U. z;"_l’”. wg“_l):
14 until termination criteria holds;
15 Output: 2"’
16 end

14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch Parallelization of Linear Programs. Under Review. 35


https://BatchPDLP.jl

BatchPDLP,Jl

» Custom novel implementation of PDLP, designed for small-scale LPs (unique!)
» Each LP solved by a portion of the GPU

Algorithm 1: Single-Kernel PDLP

1 foreach LP do

2 Input: An initial solution z“ 0.

3 Initialize outer loop counter n; < O total iterations k; <— 0, step size

}U ¥+ 1/||Ki||oo, primal weight w? + InitializePrimalWeight(ci,q;):

4 repeat

5 t; < 0;

6 repeat

7 z,?"’t"H,r;r,:t“t"Jrl ?}?"’L"H — AdaptivePDHGStep(z;l"’t",_w?", 7}2” ki ki)

8 Zimebitl W Z; Al 2

9 ::2"2-’1"+l + GetRestartCandidate(z." it gnatitl L wit)s

10 ti—t;+ 1,k «— ki +1;
11 until restart or termination criteria holds; :
12 Restart the outer loop. =" L0 Z,ntt"e +— n; 21; ' = R " R W
13 W™ ¢ PrimalWeightUpdate(z""", 2™ 10 mi— L Other LPS continue
14 until termination criteria holds; . . .
| Output: ™", even if one finishes
16 end
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BatchPDLP.j| Benchmarking

s —|dealized BatchPDLP
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——Gurobi (PDLP)
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==+ HIGHS (IPM)
—HiGHS (PDLP)

1000 10000
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BatchPDLP.j| Benchmarking

Faster than all competitors
on 65% of problems

0.8
I~
VI
v
V| 0.6 — |dealized BatchPDLP
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. corsmmssimsnnns| o= GLPK (Dual Simplex)
= - GLPK (IPM)
\/l 0.4 - == Gurobi (Primal Simplex)
S - -=-Gurobi (Dual Simplex)
= === Gurobi (IPM)
N ; ——Gurobi (PDLP)

0.21 ---HiGHS (Primal Simplex)
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: —HiGHS (PDLP)
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T
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BatchPDLP.j| Benchmarking

Faster than all competitors

on 65% of problems

0.8 ol A
< LT Solves more problems
VI than HiGHS or GLPK
\c:j| 0.61 y —Idealized BatchPDLP
— E === GLPK (Primal Simplex)
. . +|===:GLPK (Dual Simplex)
= - GLPK (IPM)
\/l 0.4 - - = Gurobi (Primal Simplex)
S ----Gurobi (Dual Simplex)
= ===+ Gurobi (IPM)
- ——Gurobi (PDLP)
0.2 ---HiGHS (Primal Simplex)
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1 10 100 1000 10000
T
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Packages

BatchPDLP;l

This package applies the PDLP algorithm [1] to solve batches of small, structurally similar linear programs (LPs)

simultaneously using NVIDIA GPU resources through CUDA.I [2]. It assumes that LPs are provided (or can be La
= nguages

generated) in GPU memory, and only stores selution infermation in GPU memeory. l.e, this package does not

manage the transfer of LP information to or from the CPU. BatchPDLP.J1 is meant to be used within a global i .
® Julia 100.0%
optimizer such as EAGD.j1 [3] to solve large numbers of LPs of sizes typically seen within global optimization.

BatchPDLP.J1 was tested on batches of LPs with up to roughly 100 variables and 1000 constraints each.

Usage Note
=1
YT T bkl BatchPDLP.J1 is primarily designed to work with SourceCodeMcCormick.jl [4], which calculates McCormick
U .D ' ! ! ! ! ! rorT T relaxations and their subgradients for factorable expressions. These relaxations and their subgradients can then be
1 1 O converted into LP constraints through BatchPDLP.31 . after which the PDLP algorithm can be run. Internally.

BatchPDLP.j1 works by launching a kernel with the number of blocks set equal to the number of LPs being
solved, meaning the number of LPs per batch should generally be larger than the number of streaming

multiprocessors (SMs) in the GPLL

14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch

More specifically, BatchPDLP.J1 is not meant to handle single LP instances. It is explicitly not designed to handle _)
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Integrated GPU Components
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Integrated GPU Components
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Integrated CPU-GPU B&B
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Scalable Benchmark Problem
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Scalable Benchmark Problem
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Wrapping Up

> SIMT architecture can accelerate B&B lower-
bounding tasks

D Process Systems and
@ Operations Research
@ Laboratory

> Simultaneous relaxation evaluation

> Simultaneous solutions to small-scale LPs
https://www.psor.uconn.edu

» Integration within EAGO platform allows minimal
CPU-GPU data transfer

» General nonconvex NLPs can be accelerated using
specialized SIMT architecture (GPUs)
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