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SIMT Architecture 
Graphics Processing Units (GPUs) 
⮚ Graphics rendering 
⮚ Machine learning model training2 

⮚ Generative AI 
⮚ Data analysis3 

⮚ Large-scale simulations4 

⮚ Molecular dynamics 
⮚ CFD modeling 

⮚ […] 

1. Sun, Y., et al. Summarizing CPU and GPU design trends with product data. arXiv, (2019). arXiv: 1911.11313 
2. Steinkraus, D., et al. Using GPUs for machine learning algorithms. Eighth International Conference on Document Analysis and Recognition, Seoul, South Korea, 2: 1115-1120 (2005). 
3. Singh, H., et al. GPU and CUDA in Hard Computing Approaches: Analytical Review. Proceedings of ICRIC 2019, 177-196 (2020). 
4. Stone, J.E., et al. GPU-accelerated molecular modeling coming of age. Journal of Molecular Graphics and Modelling, 29(2):116-125 (2010). 



4 5. NVIDIA. NVIDIA Tesla V100 GPU Architecture: The World’s Most Advanced Data Center GPU [White paper]. NVIDIA (2017). 

⮚ GPUs are composed of 
thousands of “cores” 

⮚ Single instructions are 
executed by many cores 
simultaneously on 
different portions of data 

⮚ Good performance 
requires parallelization 

GPU Architecture 

GPU Architecture5 
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5. NVIDIA. NVIDIA Tesla V100 GPU Architecture: The World’s Most Advanced Data Center GPU [White paper]. NVIDIA (2017). 
6. Wilhelm, M.E. and Stuber, M.D. EAGO.jl: easy advanced global optimization in Julia. Optimization Methods and Software, 37(2):425–450 (2022). 
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B&B Algorithm6 

Aligning B&B with GPUs 

GPU Architecture5 



5. NVIDIA. NVIDIA Tesla V100 GPU Architecture: The World’s Most Advanced Data Center GPU [White paper]. NVIDIA (2017). 
6. Wilhelm, M.E. and Stuber, M.D. EAGO.jl: easy advanced global optimization in Julia. Optimization Methods and Software, 37(2):425–450 (2022). 
7. Sahinidis, N.V. BARON: A general purpose global optimization software package. Journal of Global Optimization, 8(2):201–205 (1996). 
8. Misener, R. and Floudas, C.A. ANTIGONE: Algorithms for coNTinuous / Integer Global Optimization of Nonlinear Equations. Journal of Global Optimization, 59(2-3):503–526 (2014). 
9. Vigerske, S. and Gleixner, A.. SCIP: global optimization of mixed-integer non-linear programs in a branch-and-cut framework. Optimization Methods and Software, 33(3):563–593 (2017). 
10. Bongartz, D., et al. MAiNGO - McCormick-based Algorithm for mixed-integer Nonlinear Global Optimization. Technical report, RWTH-Aachen (2018). URL https://www.avt.rwth-

aachen.de/global/show_document.asp?id=aaaaaaaaabclahw. 
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Aligning B&B with GPUs 

GPU Architecture5 
Global Solver Uses GPU 

BARON7 No 

ANTIGONE8 No 

SCIP9 No 

MAiNGO10 Active Dev (2025) 

EAGO6 Active Dev (2022) 

[…] […] 

https://www.avt.rwth
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Preprocess Lower 
Problem 

Upper 
Problem PostprocessSelect Node Branch 

Serial CPU B&B 



8 

Preprocess Lower 
Problem 

Upper 
Problem PostprocessSelect Node Branch 

Serial CPU B&B 

Primary Computational 
Expense 
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Preprocess Upper 
Problem PostprocessSelect Node BranchLower 

Problem 

Serial CPU B&B 

CPU CPU CPU CPU CPUCPU 
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Preprocess Upper 
Problem PostprocessSelect Nodes BranchLower 

Problem 

Integrated CPU-GPU B&B 
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Preprocess Upper 
Problem PostprocessSelect Node Branch 

Relaxations 

Lower 
Problem 

Parallelization Targets 

Linearization 
to Create LP 

Solve LP 
Subproblem 
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Preprocess Upper 
Problem PostprocessSelect Node Branch 

Relaxations 

Lower 
Problem 

Linearization 
to Create LP 

Solve LP 
Subproblem 

Parallelization Targets 
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SourceCodeMcCormick.jl (SCMC)11,12 

⮚ Open-source tool for GPU-accelerated 
McCormick relaxations 

⮚ Calculates: 
⮚ Inclusion monotonic interval 

extensions 
⮚ McCormick relaxations 
⮚ Subgradients of McCormick 

relaxations 

11. Gottlieb, R.X., Xu, P., and Stuber, M.D. Automatic Source Code Generation for 
Deterministic Global Optimization with Parallel Architectures. Optimization Methods and 
Software, 1–39 (2024). 

12. Gottlieb, R.X. and Stuber, M.D. Automatic Generation of GPU Kernels for Evaluators of 
McCormick-Based Relaxations and Subgradients. Under Review, (2025). 

SourceCodeMcCormick.jl 

https://SourceCodeMcCormick.jl
https://SourceCodeMcCormick.jl


11. Gottlieb, R.X., Xu, P., and Stuber, M.D. Automatic Source Code Generation for Deterministic Global Optimization with Parallel Architectures. Optimization Methods and 
Software, 1–39 (2024). 

12. Gottlieb, R.X. and Stuber, M.D. Automatic Generation of GPU Kernels for Evaluators of McCormick-Based Relaxations and Subgradients. Under Review, (2025). 14 

⮚ Generates customized CUDA kernels 
to calculate many relaxations at once 

SourceCodeMcCormick.jl 

https://SourceCodeMcCormick.jl
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SourceCodeMcCormick.jl 
Point 1 

Point 2 

Point n 

… 

Point 1 

Point 2 

Point n 

… 

Relaxation / 
Subgradient 1 

Relaxation / 
Subgradient 2 

Relaxation / 
Subgradient n 

Relaxation / 
Subgradient 1 

Relaxation / 
Subgradient 2 

Relaxation / 
Subgradient n 

B&B 
Node 1 

B&B 
Node m 

… 

… 

11. Gottlieb, R.X. and Stuber, M.D. Automatic Generation of GPU Kernels for Evaluators of McCormick-Based Relaxations and Subgradients. Under Review, (2025). 

https://SourceCodeMcCormick.jl
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Preprocess Upper 
Problem PostprocessSelect Node Branch 

Relaxations 

Lower 
Problem 

Linearization 
to Create LP 

Solve LP 
Subproblem 

Parallelization Targets 
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Kelley’s Algorithm 

⮚ Approach utilized in EAGO 

n Lower Bound 
1 -0.9830 
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Kelley’s Algorithm 

⮚ Approach utilized in EAGO 

n Lower Bound 
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Kelley’s Algorithm 

⮚ Approach utilized in EAGO 
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Kelley’s Algorithm 

⮚ Approach utilized in EAGO 
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Kelley’s Algorithm 

⮚ Approach utilized in EAGO 
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Kelley’s Algorithm 

⮚ Approach utilized in EAGO 

n Lower Bound 
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Kelley’s Algorithm 

⮚ Approach utilized in EAGO 
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Kelley’s Algorithm 

⮚ Approach utilized in EAGO 

n Lower Bound 
1 -0.9830 
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Kelley’s Algorithm 

⮚ Approach utilized in EAGO 
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Kelley’s Algorithm 
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Kelley’s Algorithm 

⮚ Approach utilized in EAGO 

n Lower Bound 
1 -0.9830 
2 -0.7100 
3 -0.5815 
4 -0.4962 
5 -0.4001 
6 -0.3891 
7 -0.3854 
8 -0.3817 
9 -0.3781 

10 -0.3773 

─ Inherently sequential 

─ Different B&B nodes may terminate in 
different numbers of iterations 

─ Requires n LP solves per node
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Linearization Point Selection Procedure 

Lower Bound: 
-0.4506 

Lower Bound: 
-0.3758 

Lower Bound: 
-0.3758 
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Linearization Point Selection Procedure 

+ Points evaluated in parallel 

+ Every node requires same points, 
known a priori 

+ Requires 1 LP solve per node
 

Lower Bound: 
-0.4506 

Lower Bound: 
-0.3758 

Lower Bound: 
-0.3758 
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Linearization Point Selection Procedure 

Point 1 

Point 2 

Point n 

… 

Point 1 

Point 2 

Point n 

… 

Relaxation / 
Subgradient 1 

Relaxation / 
Subgradient 2 

Relaxation / 
Subgradient n 

Relaxation / 
Subgradient 1 

Relaxation / 
Subgradient 2 

Relaxation / 
Subgradient n 

B&B 
Node 1 

B&B 
Node m 

… 

… 

Relaxed LP 
Constraint 1 

Relaxed LP 
Constraint k 

… 

Relaxed LP 
Constraint 1 

Relaxed LP 
Constraint k 

… 
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Preprocess Upper 
Problem PostprocessSelect Node Branch 

Relaxations 

Lower 
Problem 

Linearization 
to Create LP 

Solve LP 
Subproblem 

Parallelization Targets 
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Primal Dual Hybrid Gradient for LP (PDLP)13 

⮚ Applegate et al. (2021) developed a 
competitive first-order method (FOM) 
for solving LPs 

PDLP 

13. Applegate, D., et al. Practical Large-Scale Linear Programming using Primal-Dual Hybrid 
Gradient. 35th Conference on Neural Information Processing Systems (NeurIPS 2021),  (2021). 
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⮚ Custom novel implementation of PDLP, designed for small-scale LPs (unique!) 
⮚ Each LP solved by a portion of the GPU 

BatchPDLP.jl 

14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch Parallelization of Linear Programs. Under Review. 

https://BatchPDLP.jl
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BatchPDLP.jl 

⮚ Custom novel implementation of PDLP, designed for small-scale LPs (unique!) 
⮚ Each LP solved by a portion of the GPU 

14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch Parallelization of Linear Programs. Under Review. 
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BatchPDLP.jl 

⮚ Custom novel implementation of PDLP, designed for small-scale LPs (unique!) 
⮚ Each LP solved by a portion of the GPU 

14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch Parallelization of Linear Programs. Under Review. 

https://BatchPDLP.jl
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Other LPs continue 
even if one finishes 

BatchPDLP.jl 

⮚ Custom novel implementation of PDLP, designed for small-scale LPs (unique!) 
⮚ Each LP solved by a portion of the GPU 

14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch Parallelization of Linear Programs. Under Review. 

https://BatchPDLP.jl
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BatchPDLP.jl Benchmarking 

14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch Parallelization of Linear Programs. Under Review. 

https://BatchPDLP.jl
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BatchPDLP.jl Benchmarking 
Faster than all competitors 

on 65% of problems 

14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch Parallelization of Linear Programs. Under Review. 

https://BatchPDLP.jl
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BatchPDLP.jl Benchmarking 
Faster than all competitors 

on 65% of problems 

Solves more problems 
than HiGHS or GLPK 

14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch Parallelization of Linear Programs. Under Review. 

https://BatchPDLP.jl


14. Gottlieb, R.X., Alston, D., and Stuber, M.D. Re-Architected PDLP for Batch Parallelization of Linear Programs. Under Review. 40 

BatchPDLP.jl Benchmarking 
Faster than all competitors 

on 65% of problems 

Solves more problems 
than HiGHS or GLPK 

https://BatchPDLP.jl


41 

Integrated GPU Components 

Point 1 

Point 2 

Point n 

… 

Point 1 

Point 2 

Point n 

… 

Relaxation / 
Subgradient 1 

Relaxation / 
Subgradient 2 

Relaxation / 
Subgradient n 

Relaxation / 
Subgradient 1 

Relaxation / 
Subgradient 2 

Relaxation / 
Subgradient n 

… 

… 

Relaxed LP 
Constraint 1 

Relaxed LP 
Constraint k 

… 

Relaxed LP 
Constraint 1 

Relaxed LP 
Constraint k 

… 

Lower 
Bound 1 

Lower 
Bound m 

B&B 
Node 1 

B&B 
Node m 
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… 
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Relaxation / 
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Relaxation / 
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… 
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Bound m 

Integrated GPU Components 
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Preprocess Upper 
Problem PostprocessSelect Nodes BranchLower 

Problem 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

CPU 

GPU 

Integrated CPU-GPU B&B 
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Scalable Benchmark Problem 

⮚ Difficulty scales 
with dimension 
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Scalable Benchmark Problem 

⮚ Difficulty scales 
with dimension 

NEW 

n 
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Scalable Benchmark Problem 

⮚ Difficulty scales 
with dimension 

51x Speed-up 

NEW 

n 
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Wrapping Up 

⮚ SIMT architecture can accelerate B&B lower-
bounding tasks 
⮚ Simultaneous relaxation evaluation 
⮚ Simultaneous solutions to small-scale LPs 

⮚ Integration within EAGO platform allows minimal 
CPU-GPU data transfer 

⮚ General nonconvex NLPs can be accelerated using 
specialized SIMT architecture (GPUs) 

https://www.psor.uconn.edu 

https://www.psor.uconn.edu/
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